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SIGNIFICANCE AND EXPLANATION

Many practical problems in operations research may be reduced to minimizing a

function without constraints. Variable metric methods are successfully used in corn-

puting a sequence which converges to the minimum of a function . During each iteration

a search direction and a step size are computed . In order to obtain fast convergence

~t is necessary that the chosen step size approximates the optimal step size, i.e.,

the step size which minimizes the function along the given search direction . This

may require considerable computational effort . If an approximation to the minimum

is known. however 1 it is often possible to increase the efficiency of an algorithm

by showing that a step size! of one i~; a sufficiently good approximation to the opt i-

mal step size. Such a situation arises , for instance, if as in the method of penalty

functions .~ sequence of unconstrained problems is solved in order to obtain a solution

.1 more complicated optimization problem . In general the minimum of one penalty

funct ion is a good approximation to the minimum of the penalty function used next .

In th:s paper i t  is ~thown that variable metric methods converge rapidly with

~ ~~~~~ S iz e  of one if a good approximation of the solution is used as starting point .
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f.
LOCAL AND SUPERLXNEAR CONVERGENCE

OF A CLASS OF VARIABLE METRIC METHODS

Klaus Ritter

1. Introduction

— If a variable metric method is used to compute a minimizer z of a function F(x) it

simultaneously generates a sequence of points (x.} and a sequence of matrices {H J . During

each iteration a correction is added to H. with the intent to construct an approximation to

the inverse Hessian matrix of F(x)

A large class of such methods has been introduced by Huang [8) . A restriction of the Huang

class to update formulas which are of rank two, satisfy the quasi—Newton equation and maintain

the symm etry of H. leads to a class of methods proposed by Broyden [1] and Fletcher 16) . In

• (9) global and superlinear convergence has been established for each member of this subclass

without the requirement of an Optimal step size. However , in the context of a global conver-

— gence theory the Broyden—Fletcher—Goldfarb-Shanno-method (2) , (6), ( 7 1,  1101 appears to be the

only one for which it can be shown that a step size of one is always acceptable after suffi-

ciently many iterations .

Using a step size of one Broyden, Dennis and More [31 have shown that the Broyden—Fletcher-

C,oldfarb—Shanno-method and the Davidon-Fletcher—Powell—method (4] , (51 converge superlinearly to

a minimizer z of F(x) provided that the initial point x0 and the initial matrix H0 are

sufficiently close to z and the inverse Hessian matrix of F(x) at z, respectively. It is

the purpose of this paper to extend this result to all members of the Iiroyden c lass .
H

• Sponsored by the United States Army under Contract No. DAAG29-75—c-0O24.
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2 .  P r e l im in a r y  r esu 1t~

Let x K° and let  F ( x )  be a real —v alued  tu rn I ~‘ri. If F(X) is tw i ~~e d i f f e r e n t  i i i h

at a point  x ,  we denote t he  g r a d ien t  .iisl the Hessian m a t r ix  of F ( x )  at x .  by V t i x . )

and ~; . — ~; (x ) • .spt i .i~ t i v e ly .  A pr ime is  used for t he  transpose of a ve~’tor  or a m a t r i x .  For

any x ~~~ lix II dexio t  es t he  Fuel idean norm of x

Throughout t h i s  paper we requ i re  the fol  lowing  assumpt Ion to be s a t i s f i e d .

Assuapt ion 1

There i s  a vector z such tha t  F ( x )  i s  tw i~~c c o n t i n u o u s l y  d i f f . ’r~~nt  i~~l l , •  in  some convex

neiqhbor hood of z ,  V F ( z )  — 0, ~; — ~;(z) is p o s i t i v e  d e f i n i t e  and t he  1 i p s~ h i t z  cond i t ion

( 2 . 1 )  I I G ( x ) — G ( z )  I! i . l~x— z ~~ .

where L i s  a p o s i t i ve  constan t , is satisfied for all x in some convex neighborhood of r.

Clea r ly  the above assumpt ion  imp l i e s  tha t  t h er e  are constant s 0 .
~ r~ and a Conv ex

neiqhborhood U ( z )  such that , for every x 11(z) , the  i n e q u a l i t y  ( 2 . 1 )  and the re la t ion

i 2 - 2

~~I y y C ( x ) y v~ y for a l l  v • F

hold.

We consider the problem of d e t e r m i n i n g  a sequence

( 2 . 2 )  x . 41 x
1 

— s . ,  1 — 0 , 1, 2 , .. .

which converges to z.

If  a var iable  m e t r i c  method is used to compute the sequence (2.2), then an ( n , n I - m a t r i x

is associated w i t h  each x~ and the search d i r e c t i o n  is  determined by t he  r e l a t i on

— H . q ~

The matrix H
j+t . 

associated with ~~~~ is obtained by adding a rank two matrix t o  H in

such a way that H j + j  sat isf  it’s the quasi-Newton equation

whe r . ’

~~~~ -~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ - -•~~~~- ~ • —~~~~ ~~~~~~~~~~~~ 
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Observe t hat  by ( 2 . 6 )

q~~ 
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51 

and by ( 2 . 7 )

~~~ ~~~~~~~ 
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(q
j

+a
j
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w w  w w °
( 3 . 5 )  L ,,..i.,.1 = J.... ~~J

ii . w . u . y .  w q ,
) 3 )  3 i i

Let 4,
~ 

denote the trace of the matrix ( 3 . 1) .  Since the trace of a matrix is equal to the

sum of its diagonal elements it follows from (2.4) , (2.5) and (3.2) through (3.5) that we have

the following relation between and 
~~~~~

.

( 3  6) — — 

p~Gp
51
+p~ g~ G

1
g. 

+ 
P~~~p51

+ d G 1d
51

51+1 51

- 

q G q . + w G 1w . 
+ 

1 y
2

(q . +o .p . ) ’G (q . 4~~.p . )+w ~ G
1

W .

w . q .  V .  w q
51

p~Gp .+d~ G
’d._~~~+(~ 

~~~~ 

J
~~~~2)

+ (y 1) + (.i — l~ 

w;c~~ w . 
— 

(P;GP51+P~~~~~;G

’
~~~ 9 51 - 2

’

~51 w~q~ \Y j / w . q .  \ P
1
g~ P~ /

+ (
~~ 51

+a 51P51
) c ( ~~51

÷a
51P51 — 

q Gq . ’~

w
3

q
3 

w q . )

In the following five lemmas we will establish some properties of I~~ and the terms on the

r ight  hand side of (3 .6)  which wi l l  enable us to p rove the key resul t tha t th e sequence {4’, I

is bounded .
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Since Taylor ’s theo rem and Assumpt ion I imply

( 1 . 1 3 )  
~ p — O (ff x .— zf () and 1x . — z N  =

it follow s from (3.9), (3.11) and (3.12) that f x .  1— z If ~~. A l l x ~-z II for and su f fi -

ciently small.

Lemma 3

Let H ,  be pos i t ive  d e f i n it e . Then there ar e constants 2n < 1
2 ~ 

and 0 < <

such that , for every j ,

IP. < and fI x.~ zC <

imply
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(3 . 18)  I i - = 
0(
~~~

q;

~~
I

2

2

~ < I

for 12 ansi ~ sufficiently small. l”urthermore , usinq (3.18) and (3.12) we obtain

Ii — ‘~~ ! — 0 ( f f p . q ~~— Gp 51 ff 2 
+ f E ff

2 )

which by ( 3 . 7 )  and ( 3 . 1 4 )  impl ies  t hi’ second part of the leimna.

Lemma 4

Let H .  be posit ive d e f i n i t e  and 0 t ~ 1. There are constants  2n ~: 1
3

0 < ‘~ and ~ 0 such that, for every 51 ,

— IP~ ‘ 1
3 

an d f x . — z f f  ‘~

imply

p G p . +d’ G
1

d ,
~ ~~~~~~~ ~ — 2 

~i 11 c i 11

(q +z .p .)’G(q, +n ,p,)-q~ Gq.
i i )  ‘~~ , ~ ~~~~ ~ ‘~ ~ ff x , —z ffj  w , q .  — 1 j

3 3

q ’Gq. w~ C 1w .
iii) (y — 1) — ‘—i + (J__ — 1) ,

3 w 51q 51 V 51 
w 51q 51

2 —l
-
‘ /p Cp +~s q . G  q .

‘ — t( ~ ~ i,-” —i — 2f ‘~ ~ ff x .— zfj

~ 
p 5 1 g . p51 / 1 3

Proof :

It follows from (3.10) that

d. - (“p . E . p ,
3 3 3 _ I

which  by ( 3 . 1)  and ( 3 . 1 4 )  implies the first part of the lemma . In order to prove the second

pa rt we observe that

— it )— 
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(i~ i~~) 
I ;~~I l 

I

— ~~ 1fF 3

I s , ’s a tise  of ( I . itt ) an~1 I . 14) thi s ts~ii.i l i t  y i i n 3 ’ l i . ’s I he ‘ ‘~~‘n~ pa r t s I t  I lit’ I enina I s ’ !  I ~ nsl

s t i l t  i 5 - i  ent 1 y sm a l l  . F i l i a l l y we have.

— li - p  w ’5, w
(‘ .1k)) ( p  — L I  1 + 2 2 -~ —I w • s~ ‘p w ’.p

- i  
- - l- l  w . w ‘I -~ 

-w ’s w -

~~~ 
_ 3 )  2~ J 2 , 2 2. 2 I

I p~ ~~~~~ w

I - ,—l p -— ~~~~ w
1 5 — i I(  W 1 . s 7  I

t i ~~’ l ast  )vi i I ‘f t h , ’ lemma I s s I  I s s w s  f l - tIm 1 1 . 1 + 1 , (I . ‘P ansi I,e’mnias 1 . iu i , t  I .

I s -lisa
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( 3 . 2 0 )  r + 6~~~’r * < and 1~

We will show by induction that then for every j the fol lowing statements hold .

(3.2 1) H . 41 is well—defined and positive definite for i = 0 

(3 .22)  ff x , 1— zff < o . s f ( x . — z f f , i =

(3.23) 
~ 

+ 36
i 
~~o 

I~~~ h 1 ~

let 51 = 0. Since (3.20) implies ‘r < 1
3 < 12 < r

1 
and 1* < < < -ti, i t  follows

from Lenuna 3 and the definition of H
0 

that H
1 

is positive definite. Furthermore , Lemma 2

gives the inequality (3 . 2 2 )  and Lemma 4 in conjunction with (3.6) implies the relation (3.23)

Now assume that (3.21) through (3.23) are satisfied for some 51 — I t’ 0. Since (3.22) and

(3.23) give the inequalities.

IIx j~z l I  < f I x ~ — z fI < ‘r~ and II’ . <

it follows from Leumia 3 that H . 1  is positive defini te . Moreover, Lemma 2 implies

f f x ~÷~ _ z f f  c o . s f f z . — z ff .

Using Lemma 4 and (3 .6)  we obtain

~J+1 I ‘P 51 + 36~~f f x . — z ff
51—3.

+ 

~ 

f f x . = z f f  + 35 1 1f x 51 — z ff

51
+ 

~~~ 
Y (0.5)

1
ffx 0— zff

I + 6~1 f f x 0— z f f  ~ , 13 
.

L 

Since ( 3 . 2 3 )  implies that the sum

~ ff x . — z ff
51=0 ~

is finite the proof of the lemma is complete.
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• t ls l i i i  the above results we can now prove t h a t  tue s t : i j U i’ i l s e (
~~ I s i t ’ r i , - i  si t i’s1 i ’y the

a i s t s ’i t t h m  converges locally  and superl1 ne~~t - t y  i s s  2 .

Theorem

Let Assumpt ion I be sa t i s f ied . ~‘or every cho i t ’ ,’ of iP
~ 

and ~P , w it ii S
~~

th ete a re numbers

~~
(8
l
.
~~~2

) and c* (fp ,8)

such that the inequalities

IIH 11- ;~~II I ~~~ .82) and f x ~ - z f f  u c * ( 81,82 )

t imply that th e sequences ( x ~~ } ~nd lii~ I in the algorithm are well—defined and have the

fo l lo w l i ep  pr opert i es .

i )  H is  I s i s it iV e  d e f i n i t e  for a l l  L

i t )  ~:i thet r — z for some 51 or

115 51 +l~~— -  — - i ( )  as p ”
ffx~~~~~

~ (j~~~~~
-
~~

j
~~~ -S I is f i n i t e

~~~ \ f f x 3
— zj [  /

( I I . )  and 1n 1} a i e  bounded .

l ’i s ,o f

I t follow’. imm ediatel y from Assumption I tha t there is ~c-tme’ neiqhborhood tt
0(z) 11 (2 )

such that  x , il ( z )  and x 0 2 i m ply  I ’ t ’( x )  0 0. (‘hoo~ e u~~ ( * sos - h i I ha t

if s— s i ~~~ ( 8
1

. N~~~) inip i Ie* x tI
n

(s )  . Fui-Ihotniot -pi choose S (N
3 

, )P ,P such I hat

~~~~~ ~ 
(8

1 . 8 , ) im3’i P u s

Hy ( 1 . 1)  a u % ( i 4 1 , 8 , ) w i th  th i s  property exists for every i 2 r t .

W i t h  % ( 8 , ) and ~I ( $~ .8 , ) t ’t i s ’u ’so ip  in t it i s  way we deduce f rom l emm a 2 and l emma S t h i t

hi t ’. w el l— def ined  and positive d e f i n i t e  ~ nut X
j  ~~~~~~ 

fo i  every I .  There fo re , i t  f o l l o w s

— 1 3 —
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from Ste1 1 s t  the s i l - i si ithm that i s  weil— slefined . t’uizl hwrntii re g
1 

0 if and only if

S

t.et I’i an iii f i, i ii  te  sequence . Ity t.eema 1 am.t Lewasa 5 , the sequences (II~ I and

I H 
I are bounsie’si

W i t h  s 3 t ‘- Wt . si u’ s tb is ’i’ tress (I . 1,) and LeitmIa 4 tha t , for every i ,

( 3 . 2 4 3  
~ isL ~ 

• 
~

-‘
~~~~

x
~~

- z H  + ( t - l )  

~~~~~ 
- 
2)

Si nce by Lemma I , I4~ .Pn i t  fo l l ows f r o m  ( 3 .24 )  a nd par t  i i i )  of Lemma 5 that

~ ~~ 
~‘t~q~j (,; 

~..1 - 2)s_I P51— 0 51 51

which by ( 3 . 7) implies that

(3.25) ~~ f f t ~51
q~ -~;p

51 ff 2 
.

j—0 . p

Using ( 3 . 3 . 2 ) , (3 .2 5) , 11.145 and part I i i)  of Lewuna 5 we obtain

/ 2 ‘

~ (j +
~~

j_O ’\ II~j II ‘

In view of (3.133 this inequality completes the proof of the theorem.
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